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When dealing with magnetic fields in condensed matter physics, we encounter oscillations in resistivity i.e. Sub-
hnikov de Haas oscillations and also in magnetization i.e. de Haas - van Alphen oscillations. These are crucial to
characterize materials and thus a discussion is in order for them. In 1930’s, Bohr and Leeuwen showed that mag-
netism cannot exist within the framework of classical mechanics. Considering the Hamiltonian for N-particles in 3D
in presence of a magnetic field (included by minimal coupling)

H =

3N∑
i=1

(pi − eAi/c)2

2m
+ V (q1, q2, ....qN ) (1)

The classical partition function can thus be evaluated

Zc =

∫
e−βH dq1dp1dq2dp2.....dqNdpN (2)

A shift of the momentum variables p′i = pi − eAi/c removes the effect of the magnetic vector potential, thus any
derivative of the partition function will not lead to magnetization i.e. magnetism. Hence we need quantum mechanics
to study magnetism.

The Hamiltonian for a single electron in presence of magnetic field is

H =
(p− eA/c)2

2m
+ V (x) + µBσ ·B + ξl · σ (3)

where the Zeeman and Spin-Orbit interaction terms are included.

ξ =
~

4m2c2
1

r

dV

dr
and µB =

|e|~
2mc

(4)

For a constant field B, the vector potential A = B × r/2,

(p− eA/c)2

2m
=
p2

2m
− e

2mc
(r × p) ·B +

e2

8mc2
(B × r)2 (5)

Where if the field is in the z-direction

(p− eA/c)2

2m
=
p2

2m
− e

2mc
(r × p) ·B +

e2B2

8mc2
(x2 + y2) (6)

Thus the complete Hamiltonian is

H =
p2

2m
+ µB

(
l

~
+ σ

)
·B +

e2B2

8mc2
(x2 + y2) + V (x) + ξl · σ (7)

For a system with Z-electrons

H =

Z∑
i=1

[
p2
i

2m
+ µB

(
li
~

+ σi

)
·B +

e2B2

8mc2
(x2
i + y2

i ) + V (xi) + ξli · σi
]

+
1

2

∑
i6=j

e2

|xi − xj |
(8)

We can simply compute the magnetization and susceptibility from the derivatives of the average energy in the T=0
limit.

M = −∂〈H〉
∂B

χ = N0
∂M

∂B
(9)
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I. DIAGMAGNETISM

Consider the case of system with no spin-orbit interaction and no permanent magnetic moment. (N0 Avagadro’s
Number for molar quantities) 〈

lzi
~

+ σzi

〉
= 0 (10)

Therefore

M = −∂〈H〉
∂B

= − e2B

4mc2

Z∑
i=1

〈x2
i + y2

i 〉

χd = N0
∂M

∂B
= − e

2N0

4mc2

Z∑
i=1

〈x2
i + y2

i 〉

(11)

On symmetry grounds

Z∑
i=1

〈x2
i 〉 =

Z∑
i=1

〈y2
i 〉 =

1

3

Z∑
i=1

〈r2
i 〉 =

1

3
Z〈r2〉 (12)

χd = N0
∂M

∂B
= −Ze

2N0

6mc2
〈r2〉 (13)

This is the atomic or diamagnetic susceptibility.

II. DE HAAS - VAN ALPHEN EFFECT

To understand this we need require the non-interacting Hamiltonian in presence of a magnetic field.

H =

N∑
i=1

(p− eA/c)2

2m
+

N∑
i=1

µBσ ·B (14)

where the first terms describes Landau levels, diamagnetism, and de Haas - van Alphen effect. The second term
describes the Pauli paramagnetism.

A. Landau Levels

Considering the magnetic field in the z-direction, the vector potential can be chosen in the Landau gauge A =
(0, Bx, 0). Thus the Schrodinger equation for the single electron Hamiltonian is[

(p− eA/c)2

2m
+ µBσ ·B

]
ψ = εψ (15)

where

εσ(n, kz) =

(
n+

1

2

)
~ωc +

~2k2
z

2m
+ σµBB n = 0, 1, 2, ... σ = ±1

ψn,ky,kz,σ(x, y, z) ∝ exp (−kyy + ikzz)Hn

(
x− kyl2B

lB

)
exp

(
− (x− kyl2B)2

2l2B

) (16)

where

ωc =
|e|B
mc

lB =

√
~

mωc
(17)
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The system is clearly periodic in y- and z-directions and thus ky and kz are integer multiples of 2π/Ly and 2π/Lz.
However, we can see from the wavefunction that we have a shifted Harmonic oscillator with the center as kyl

2
B . The

center needs to lie within the sample

− Lx
2
≤ kyl2B ≤

Lx
2

(18)

This implies that

− eBLx
2~c

≤ ky ≤
|e|BLx

2~c
(19)

Thus the degeneracy of each LL is

kmaxy − kminy

2π/Ly
=
|e|BLxLy

2π~c
(20)

Let us define Nσ(ε) as the number of states with energy εσ ≤ ε. To obtain this quantity, we need to multiply the
number of possible values of kz by the LL degeneracy for given values of n and σ and energy ε ≤ εσ(n, kz).

kmax/minz = ±
√

2m

~

√
ε− ~ωc

(
n+

1

2

)
− σµBB (21)

Therefore the number of states with energy ε ≤ εn are

kmaxz − kminz

2π/Lz
=
Lz
√

2m

π~

√
ε− ~ωc

(
n+

1

2

)
− σµBB (22)

Therefore all possible state with energy ε is

Nσ(ε) =
|e|B
√

2mLxLyLz
2π2~2c

nmax∑
n=0

√
ε− ~ωc

(
n+

1

2

)
− σµBB (23)

where nmax is the maximum allowed n for which the square root is real.

B. Free Energy

For a given Hamiltonian of the kind

H =
∑
α

(εα − µ)nα (24)

The thermodynamic potential in the grand canonical ensemble is

Ω = −kBT logZ (25)

where the partition function is given by

Z =
∑

{nα=0,1}

exp [−βH] =
∑

{nα=0,1}

exp

[
−β
∑
α

(εα − µ)nα

]

=
∏
α

∑
{nα=0,1}

exp [−β (εα − µ)nα]

=
∏
α

[
1 + e−β(εα−µ)

]
(26)

Therefore

Ω = −kBT logZ = −kBT
∑
α

log
[
1 + e−β(εα−µ)

]
(27)
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The Helmholtz Free Energy is thus

F = Ω + µN = Nµ− kBT logZ = Nµ− kBT
∑
α

log
[
1 + e−β(εα−µ)

]
= Nµ− kBT

∑
σ=±1

∫
dε log

[
1 + e−β(ε−µ)

]
Dσ(ε)

(28)

where Dσ(ε) is the density of states with energy ε which can be written as

Dσ(ε) =
dNσ(ε)

dε
(29)

where Nσ(ε) is the number of states upto energy ε.

F = Nµ− kBT
∑
σ=±1

∫
dε log

[
1 + e−β(ε−µ)

] dNσ(ε)

dε

= Nµ−
∑
σ=±1

∫
dεf(ε)Nσ(ε)

(30)

where

f(ε) =
1

1 + eβ(ε−µ)
(31)

Therefore

F = Nµ− |e|B
√

2mLxLyLz
2π2~2c

∑
σ=±1

∫
dε

1

1 + eβ(ε−µ)

nmax∑
n=0

√
ε− ~ωc

(
n+

1

2

)
− σµBB (32)

Defining dimensionless variables

µB =
|e|~
2mc

E0 =
µ

2µBB
E =

ε

2µBB
Θ =

kBT

2µBB
Ω = LxLyLz (33)

In terms of which

F = Nµ− |e|B
√

2mΩ(2µBB)3/2

2π2~2c

∑
σ=±1

∫
dE

1

1 + e(E−E0)/Θ

nmax∑
n=0

√
E − n− 1

2
− σ

2

= Nµ− 4m3/2Ω(µBB)5/2

π2~3

∑
σ=±1

∫
dE

1

1 + e(E−E0)/Θ

nmax∑
n=0

√
E − n− 1

2
− σ

2

= Nµ− 4m3/2Ω(µBB)5/2

π2~3

∑
σ=±1

∫
dEf(E)

nmax∑
n=0

2

3

d

dE

(
E − n− 1

2
− σ

2

)3/2

= Nµ+
8m3/2Ω(µBB)5/2

3π2~3

∑
σ=±1

∫ ∞
−∞

dEf ′(E)

nmax∑
n=0

(
E − n− 1

2
− σ

2

)3/2

= Nµ+ α
∑
σ=±1

∫ ∞
−∞

dEf ′(E)

nmax∑
n=0

(
E − n− 1

2
− σ

2

)3/2

= Nµ+ α

∫ ∞
−∞

dE [f ′(E + 1/2) + f ′(E − 1/2)]

nmax∑
n=0

(
E − n− 1

2

)3/2

(34)

To evaluate the above, we use the identity

nmax∑
n=0

(
E − n− 1

2

)3/2

=

∞∑
l=−∞

(−1)l
∫ E

0

dx (E − x)3/2e2πilx (35)
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Proof: Poisson Formula
A periodic function with period T can be Fourier expanded.

x(t) =

∞∑
l=−∞

x(l)e2πilt/T (36)

The Fourier coefficients of the expansion are

x(l) =
1

T

∫ T/2

−T/2
dt x(t)e−2πilt/T (37)

Considering the periodic function to be a Dirac comb

x(t) =

∞∑
n=−∞

δ(t− nT ) (38)

the corresponding coefficients are

x(l) =
1

T

∫ T/2

−T/2
dt

∞∑
n=−∞

δ(t− nT )e−2πilt/T

=
1

T

∫ T/2

−T/2
dt δ(t)e−2πilt/T

=
1

T

(39)

Therefore

x(t) =

∞∑
l=−∞

x(l)e2πilt/T ⇒
∞∑

n=−∞
δ(t− nT ) =

1

T

∞∑
l=−∞

e2πilt/T (40)

Choosing the period to be T = 1,

∞∑
n=−∞

δ(t− n) =

∞∑
l=−∞

e2πilt (41)

Thus for a Dirac comb of the form
∑∞
n=−∞ δ(t− n− 1/2)

∞∑
n=−∞

δ(t− n− 1/2) =

∞∑
l=−∞

e2πil(t−1/2) (42)

If we now multiply the Poisson formula by a function and integrate as shown∫ ∞
0

dt f(t)

∞∑
n=−∞

δ(t− n− 1/2) =

∫ ∞
0

dt f(t)

∞∑
l=−∞

e2πil(t−1/2)

⇒
∞∑
n=0

f(n+ 1/2) =

∫ ∞
0

dt f(t)

∞∑
l=−∞

e2πil(t−1/2)

=

∞∑
l=−∞

∫ ∞
0

dt f(t)e2πilteiπl

=

∞∑
l=−∞

∫ ∞
0

dt f(t)e2πilt(−1)l

(43)
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Now to consider a finite sum, we can construct a composite function f(t) which is non-zero for n < nmax and 0 for
n > nmax. For n = nmax, t = E,

nmax∑
n=0

f(n+ 1/2) =

∞∑
l=−∞

∫ E

0

dt f(t)e2πilt(−1)l (44)

If f(t) = (E − t)3/2,

nmax∑
n=0

(E − n− 1/2)3/2 =

∞∑
l=−∞

(−1)l
∫ E

0

dt (E − t)3/2e2πilt
(45)

To continue with the evaluation of the free energy

nmax∑
n=0

(
E − n− 1

2

)3/2

=

∞∑
l=−∞

(−1)l
∫ E

0

dx (E − x)3/2e2πilx

=

∫ E

0

dx (E − x)3/2 +

∞∑
l=1

∫ E

0

dx (E − x)3/2
[
(−1)le2πilx + (−1)−le−2πilx

]
=

∫ E

0

dx (E − x)3/2 + 2

∞∑
l=1

∫ E

0

dx (E − x)3/2(−1)lRe
[
e2πilx

]
=

2

5
E5/2 + 2

∞∑
l=1

∫ E

0

dx (E − x)3/2(−1)lRe
[
e2πilx

]
=

2

5
E5/2 + 2

∞∑
l=1

(−1)lRe

[∫ E

0

dx (E − x)3/2e2πilx

]

=
2

5
E5/2 + 2

∞∑
l=1

(−1)lRe

[∫ E

0

dx (E − x)3/2 d

dx

e2πilx

2πil

]

=
2

5
E5/2 + 2

∞∑
l=1

(−1)lRe

[
(E − x)3/2 e

2πilx

2πil

∣∣∣∣E
0

− 3

2

∫ E

0

dx (E − x)1/2 e
2πilx

2πil

]

=
2

5
E5/2 + 2

∞∑
l=1

(−1)lRe

[
−E

3/2

2πil
− 3

2

1

2πil

∫ E

0

dx (E − x)1/2 d

dx

e2πilx

2πil

]

(46)

the first term after the integration by parts is purely imaginary and thus can be dropped,

nmax∑
n=0

(
E − n− 1

2

)3/2

=
2

5
E5/2 + 2

∞∑
l=1

(−1)lRe

[
−3

2

1

2πil

∫ E

0

dx (E − x)1/2 d

dx

e2πilx

2πil

]

=
2

5
E5/2 + 2

∞∑
l=1

(−1)lRe

[
3

2

E1/2

(2πil)2
+

3

4

1

2πil

∫ E

0

dx (E − x)−1/2 e
2πilx

2πil

]

=
2

5
E5/2 + 2

∞∑
l=1

(−1)lRe

[
−3E1/2

8π2l2
− 3

16π2l2

∫ E

0

dx (E − x)−1/2e2πilx

]

=
2

5
E5/2 −

∞∑
l=1

(−1)l
3E1/2

4π2l2
−
∞∑
l=1

(−1)l
3

8π2l2
Re

[∫ E

0

dx (E − x)−1/2e2πilx

]
(47)

Using

∞∑
l=1

(−1)l

l2
= −π

2

12
(48)

nmax∑
n=0

(
E − n− 1

2

)3/2

=
2

5
E5/2 +

E1/2

16
−
∞∑
l=1

(−1)l
3

8π2l2
Re

[∫ E

0

dx (E − x)−1/2e2πilx

]
(49)
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substituting x = E − u2,

nmax∑
n=0

(
E − n− 1

2

)3/2

=
2

5
E5/2 +

E1/2

16
−
∞∑
l=1

(−1)l
3

4π2l2
Re

[∫ √E
0

du e2πil(E−u2)

]
(50)

This can now be substituted in the expression for the free energy

F = Nµ+ α

∫ ∞
−∞

dE [f ′(E + 1/2) + f ′(E − 1/2)]

(
2

5
E5/2 +

E1/2

16
−
∞∑
l=1

(−1)l
3

4π2l2
Re

[∫ √E
0

du e2πil(E−u2)

])
= Fo + Fosc

(51)

where Fo contains the non-oscillatory terms whereas Fosc has the oscillatory terms.

Fosc = −α
∫ ∞
−∞

dE [f ′(E + 1/2) + f ′(E − 1/2)]

( ∞∑
l=1

(−1)l
3

4π2l2
Re

[
e2πilE

∫ √E
0

du e−2πilu2

])
(52)

The u-integral is an error function. Since the Fermi function derivative is peaked about E0 i.e. dimensionless chemical
potential, we can replace the upper limit of u-integral by ∞

Fosc = −α
∫ ∞
−∞

dE [f ′(E + 1/2) + f ′(E − 1/2)]

( ∞∑
l=1

(−1)l
3

4π2l2
Re

[
e2πilE

∫ ∞
0

du e−2πilu2

])

= −α
∫ ∞
−∞

dEf ′(E)

( ∞∑
l=1

(−1)l
3

4π2l2
Re

[
(e2πil(E+1/2) + e2πil(E−1/2))

e−iπ/4

2
√

2l

])

= −α
∫ ∞
−∞

dEf ′(E)

( ∞∑
l=1

(−1)l
3

4π2l2
Re

[
2 cos(πl)e2πilE e

−iπ/4

2
√

2l

])

= −α
∞∑
l=1

(−1)l
3

4
√

2π2l5/2
cos(πl)Re

[∫ ∞
−∞

dEf ′(E)e2πilE−iπ/4
]

(53)

Thus we need to evaluate the integral∫ ∞
−∞

dEf ′(E)e2πilE−iπ/4 = −2πil

∫ ∞
−∞

dEf(E)e2πilE−iπ/4 ignoring the surface term in integration by parts

= −2πil

∫ ∞
−∞

dE
1

1 + e(E−E0)/Θ
e2πilE−iπ/4

= −2πilΘ

∫ ∞
−∞

dy
1

1 + ey
e2πil(Θy+E0)−iπ/4

= −2πilΘe2πilE0−iπ/4
∫ ∞
−∞

dy
1

1 + ey
e2πilΘy

(54)

To solve this consider the contour integral

∮
C

dz
1

1 + ez
e2πilΘz (55)
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where the function has poles at z = ±(2n + 1)iπ. Choosing the contour of the form shown which includes a pole at
z = +iπ. Therefore ∮

C

dz
1

1 + ez
e2πilΘz = 2πiRes|iπ∫ ∞

−∞
dy

1

1 + ey
e2πilΘy +

∫ −∞
∞

dy
1

1 + ey+2πi
e2πilΘ(y+2πi) = 2πie−2π2lΘ∫ ∞

−∞
dy

1

1 + ey
e2πilΘy(1− e−4π2lΘ) = 2πie−2π2lΘ

∫ ∞
−∞

dy
1

1 + ey
e2πilΘy = 2πi

e−2π2lΘ

(1− e−4π2lΘ)
=

πi

sinh(2π2lΘ)

(56)

Therefore ∫ ∞
−∞

dEf ′(E)e2πilE−iπ/4 = −2πilΘe2πilE0−iπ/4
∫ ∞
−∞

dy
1

1 + ey
e2πilΘy

= e2πilE0−iπ/4 2π2lΘ

sinh(2π2lΘ)

(57)

and thus the free energy

Fosc = −α
∞∑
l=1

(−1)l
3

4
√

2π2l5/2
cos(πl)Re

[∫ ∞
−∞

dEf ′(E)e2πilE−iπ/4
]

= −α
∞∑
l=1

(−1)l
3

4
√

2π2l5/2
cos(πl)Re

[
e2πilE0−iπ/4 2π2lΘ

sinh(2π2lΘ)

]

= −α
∞∑
l=1

(−1)l
3

4
√

2π2l5/2
2π2lΘ

sinh(2π2lΘ)
cos(πl) cos(2πlE0 − π/4)

= −α
∞∑
l=1

(−1)l
3

2
√

2l3/2
Θ cos(πl)

cos(2πlE0 − π/4)

sinh(2π2lΘ)

= −α
∞∑
l=1

(−1)l
3

2
√

2l3/2
kBT

2µBB
cos(πl)

cos

(
πlµ

µBB
− π

4

)
sinh

(
π2lkBT

µBB

)

(58)

Given that the free energy has an oscillatory dependence on the magnetic field, the resultant measurements of
magnetization also has oscillatory dependence.
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