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Fluctuation-Dissipation Theorem is an important theorem in statistical mechanics and condensed matter physics
that relates the fluctuations in a system to the dissipation in the same. The point of emphasis is that the mechanisms
causing fluctuations in the system are the same ones that cause dissipation. For example, a Brownian particle in a
fluid has fluctuations in velocity that are caused by particles in the fluid that transfer momenta via collisions. More-
over, it is the same collisions with the particles of fluid that cause dissipation of a moving Brownian particle in the fluid.

A measure of fluctuations in a system is the correlation function of the observable (e.g. velocity of Brownian
particle) which measures how correlated the observable is at a later time. On the other hand, the imaginary part of
the susceptibility is a measure of the dissipation in the system. Fluctuation-Dissipation Theorem relates the two.

Let us consider the correlation function of two quantum mechanical operators A and B of a system governed by
the Hamiltonian H with eigenbasis {En, |n〉} using natural units ~ = 1 :

C>AB(ω) =

∫ ∞
−∞

dt eiωt〈A(t)B(0)〉

=

∫ ∞
−∞

dt eiωt〈eiHtAeiHtB〉

=

∫ ∞
−∞

dt eiωt Tr
[
e−βHeiHtAeiHtB

]
=

∫ ∞
−∞

dt eiωt
∑
n,m

〈n|e−βHeiHtAeiHt|m〉〈m|B|n〉

=

∫ ∞
−∞

dt eiωt
∑
n,m

e−βEnei(En−Em)t〈n|A|m〉〈m|B|n〉

=
∑
n,m

2πδ(ω + En − Em)e−βEn〈n|A|m〉〈m|B|n〉

(1)

As for the (retarded i.e. causal) susceptibility,

χAB(ω) =

∫ ∞
−∞

dt eiωtiΘ(t)〈[A(t), B(0)]〉

= i

∫ ∞
0

dt eiωt〈A(t)B(0)−B(0)A(t)〉

= i

∫ ∞
0

dt eiωt
∑
n,m

e−βEnei(En−Em)t〈n|A|m〉〈m|B|n〉 − i
∫ ∞

0

dt eiωt
∑
n,m

e−βEnei(Em−En)t〈n|B|m〉〈m|A|n〉

= −
∑
n,m

1

ω + En − Em + i0+
e−βEn〈n|A|m〉〈m|B|n〉+

∑
n,m

1

ω + Em − En + i0+
e−βEn〈n|B|m〉〈m|A|n〉

= −
∑
n,m

1

ω + En − Em + i0+
e−βEn〈n|A|m〉〈m|B|n〉+

∑
n,m

1

ω + En − Em + i0+
e−βEm〈m|B|n〉〈n|A|m〉

= −
∑
n,m

1

ω + En − Em + i0+

[
e−βEn − e−βEm

]
〈n|A|m〉〈m|B|n〉

(2)



2

Therefore the imaginary part of the (retarded i.e. causal) susceptibility χ′′AB(ω) is

χ′′AB(ω) =
∑
n,m

πδ(ω + En − Em)
[
e−βEn − e−βEm

]
〈n|A|m〉〈m|B|n〉

=
∑
n,m

πδ(ω + En − Em)
[
e−βEn − e−β(En+ω)

]
〈n|A|m〉〈m|B|n〉

=
∑
n,m

πδ(ω + En − Em)e−βEn
[
1− e−βω

]
〈n|A|m〉〈m|B|n〉

=
1− e−βω

2
C>AB(ω)

(3)

We note that there is another way one could have defined the correlation function C<AB

C<AB(ω) =

∫ ∞
−∞

dt eiωt〈B(0)A(t)〉

=

∫ ∞
−∞

dt eiωt
∑
n,m

〈n|e−βHB|m〉〈m|eiHtAeiHt|n〉

=

∫ ∞
−∞

dt eiωt
∑
n,m

e−βEnei(Em−En)t〈n|B|m〉〈m|A|n〉

=
∑
n,m

2π δ(ω + Em − En)e−βEn〈n|B|m〉〈m|A|n〉

=
∑
n,m

2π δ(ω + En − Em)e−βEm〈m|B|n〉〈n|A|m〉

=
∑
n,m

2π δ(ω + En − Em)e−β(En+ω)〈m|B|n〉〈n|A|m〉

= e−βωC>AB(ω)

(4)

To circumvent the definition of correlation function, a symmetrical definition is often used

CAB(ω) =

∫ ∞
−∞

dt eiωt〈A(t)B(0) +B(0)A(t)〉

= C>AB(ω) + C<AB(ω)

=
[
1 + e−βω

]
C>AB(ω)

= 2
1 + e−βω

1− e−βω
χ′′AB(ω)

= 2 coth

[
βω

2

]
χ′′AB(ω)

(5)

The above relation clearly relates the fluctuations in a system to the dissipation in the same system.

MATHEMATICAL RELATIONS

∫ ∞
−∞

dt eiΩt = 2π δ(Ω) (6)

∫ ∞
0

dt eiΩt = lim
η→0

∫ ∞
0

dt eiΩte−ηt = − lim
η→0

1

Ω + iη
(7)

lim
η→0

1

Ω + iη
= P

(
1

Ω

)
− iπδ(Ω) (8)
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